ADVANCED MACROECONOMICS PROBLEM SET: LucAaS MODEL 100 MARKS

Problem Set: Human Capital and the Lucas Model

Advanced Macroeconomics — r Lei Pan —  Total: 100 Marks

Instructions. Answer all questions. Show all mathematical derivations clearly. Answers without derivation receive limited
credit. Unless otherwise stated, assume all variables are strictly positive and all parameters lie in economically meaningful
ranges. The problem set is based on the augmented Solow model with human capital and the Lucas human-capital accumulation
model.

Question 1: Human Capital, Conditional Income Gaps, and Augmented Solow Dynamics
[Total: 45 marks]

A major empirical fact in growth economics is that cross-country income differences are strongly correlated with schooling, but
measured education alone does not explain all international income gaps. Consider an augmented Solow—Swan economy in which
human capital enters production through effective labour:

Y: = K{*[AH)' ™7, 0<a<l,
where
H; = LiG(z), G'(z) > 0, G"(z) > 0.
Here z is average years of schooling, assumed constant over time for a given country. Technology and population evolve as
A1 = (1+9)4:, Lip1 = (14 n)Le,
and capital accumulation is
Kiy1 = (1 - 90K + sY, 0<s<1, 0<d<1.

Define
K,

6= AtLtG(Z') ’

(a) Derive the intensive-form production function

k D=(14+n)(1+g), b=D—(1-9).

~ _ )
Yo = AtLtG(l')
and the exact law of motion for k;. Then derive kiy1 — k¢ and interpret the break-even investment term.  [10 marks]

(b) Solve for the positive steady-state capital stock k* and output per worker (Y:/L:)*. Assume G(z) = €"®, where n > 0.
Derive the predicted relative output per worker of country i relative to country j:

(Y/L)i
(Y/L);

J

Explain why this is a conditional-convergence prediction. [12 marks]
(¢) Suppose country R is a rich economy and country P is a poor economy. They share

n=008, g¢g=002  &=0.05

(X:37

but differ in saving, population growth, and schooling:
sr =028, nr=001, zr=12,

Sp = 0.12, np = 0.0257 rp = 7.
Using the exact formula for b, compute
(Y/L)r
Y/L)p
Decompose the ratio into the education component and the capital-deepening/demography component. [10 marks]
(d) Prove local convergence to the steady state. Derive the convergence coefficient

X =G'(k).

Explain why countries with the same structural parameters but lower initial ko grow faster during transition. [8 marks]
(e) Suppose schooling changes over time. Derive the growth-accounting equation for output per worker:

Aln(Y:/L:) = aAIn(K:/Li) + (1 — a)Aln A; + (1 — o) Aln G(x).

If G(z) = e"*, rewrite the human-capital contribution in terms of Az;. [5 marks]
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Question 2: The Lucas Human-Capital Model and Endogenous Growth [Total: 55
marks]

Consider the Lucas economy. A representative agent has one unit of time each period. The fraction ¢; is used in goods production,
while 1 — ¢, is used in education. Preferences are

oo 1-0
Z,@t%7 0<B<1, 0> 1.
t=0

Goods production is

Y: = K (@i Hy)' ™, 0<a<l,

and human capital evolves according to

Ht+1 = B(l — Lpt)Ht, B > 0.

The resource constraint is

Cy + Kiy1 = Kta(gOth)lia + (1 - 5)Kt, 0<d<1.

Initial stocks Ko > 0 and Hp > 0 are given.

()
(b)

(©)

(d)

(e)

Set up the social planner’s Lagrangian. Derive the first-order conditions with respect to ¢, Hi+1, and K¢y1. Write the
FOCGs in terms of Y;. [15 marks]

Eliminate the human-capital multiplier to derive

(Ct+1>6 :ﬂB |:Y;5+1 H, Pt ]
Ct Y: Hiy1 0e41]

Then derive the physical-capital Euler equation
Cit1 ) ‘ { Yit1 }
= a +(1-=90)|.
( Ct g K1 ( )
[13 marks]

Define a balanced-growth path as an allocation in which Cy, Ky, Y;, and H; all grow at the common constant net rate g,

while ¢, = " is constant. Derive
1+g=(8B)"",
and 1o
* B
R
B
State the conditions for positive endogenous growth and an interior time allocation 0 < ¢* < 1. [10 marks]

Along the balanced-growth path, derive the output-capital ratio Y/ K, the capital-output ratio K/Y, and the consumption-
output ratio C/Y. Show that

Y B-1+43
K~ el '
Then derive the condition under which C'/Y > 0. [10 marks]
Let
1
B8 = 0.96, 0=2, a= g, 6 =0.05.

Compare two education technologies:
By = 1.05, B; =1.10.

For each case, compute g, ¢*, Y/K, K/Y, and C/Y. Interpret the effect of a higher return to education. [7 marks]
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Detailed Solutions
Solution to Question 1 [45 marks]

Part (a) [10 marks]

The production function is
Y; = KA LG (2)]) .

Divide by A;L;G(z):

~ Y, _ K{[A LG (z)] e
yt AthG(ZZ?) AtLtG(I)
Hence,
~ _ K “
= KA L Y= —— .
= KA LG = ()
Therefore,

gt == k?
Capital accumulation is
Kt-‘rl = (1 - (S)Kt + S}Q
Divide by A;L:G(x):
= (1—0)ks + ski*.

Since z is constant over time for a given country,
At+1Lt+1G(x) = (1 + g)(l + ’I’L)AtLtG(l’) = DAtLtG((L‘)

Therefore,

Kt+1
———— = Dky41.
AtLtG(ZL‘) b+t

Thus,
Dkt+1 = (]. — 5)kt + Sk?

The exact law of motion is

1—9)k; + sk
kiy1=G(ke) = ()#
Subtracting k;:
i 7k7(1—5)kt+skf‘—Dkt
t+1 t = D .
Because
b=D—(1-9),
we obtain
sk® — bk
kt+1 - kt == tTt

The term ski* is actual investment per unit of effective human-capital-adjusted labour. The term bk, is break-even
investment: it is the investment required to keep k; constant despite population growth, technological growth, their
interaction, and depreciation.

Marking guide: intensive-form production, 3; transition equation, 4; k; 11 — kq, 2; interpretation, 1.

Part (b) [12 marks]
A positive steady state satisfies
kiy1 = ke = k",
From the transition equation,
o (L= 8k 4 s(k)°
= 5 )

Multiplying by D:
DEk* = (1 = 6)k* 4+ s(k™)~.

Therefore,
[D—(1-98)]k" =s(k™)“.
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Since b= D — (1 —9),
bh* = s(k*)°.

For k* > 0,
b(k*)' 7 =s.

Hence,

()"

Output per worker is

Y, KP[ALG(a)]

L, L,

Using

Kt = ktAtLtG(.’L'>,
we get

Y «

fi = A,G(2)k.
Therefore, at the steady state,

Y *_ o s\ a/(1—a)
(Lt) = A,G(z)(k*)* = 4,G(z) (5) .
Now suppose
G(z) =€"".

For countries 7 and j evaluated at a common technology level Ay,

(Y/L): A (s;/b)*/ "
Y/L);  Agenwi (s;/b;)* =)

Canceling A; gives

* a/(l-a
w — eN(Ti—z)) [Slbﬂ] [ .
(Y/L); 85 bi

Using the Solow approximation
bi = n;+g+9,

this becomes

(Y/L); n@i—z;) [sl n;+ g+ (5] a/(1—a)
(Y/L); sjni+g+ao ’

This is a conditional-convergence prediction because long-run income depends on structural characteristics: saving,
population growth, technology growth, depreciation, and schooling. Countries do not necessarily converge to the same
income level; they converge to their own conditional steady states.

Marking guide: k*, 3; output per worker, 3; relative-income formula, 4; conditional-convergence interpretation, 2.

Part (c) [10 marks]

For country R,
br = (]. +TLR)(]. +g) — (1 — (5)

Using
nr = 0.01, g = 0.02, 0 = 0.05,

br = (1.01)(1.02) — 0.95 = 1.0302 — 0.95 = 0.0802.

For country P,
bp=(1+np)(1+g)—(1-9).

Using
np = 0.025,

bp = (1.025)(1.02) — 0.95 = 1.0455 — 0.95 = 0.0955.
The relative output formula is

* a/(l—a
(Y/L)R _ en(fomp) |:SRbP:| N ) )
(Y/L)}; sSp bR
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Since
_1 a _1
T3 1o 2

Y/L)k — 0-08(12-7) {0'28 0'0955}1/2.

(Y/L)% 0.12 0.0802

The education component is
e00805) — 04 ~ 1.4918.

The capital-deepening/demography component is

1/2
0.28 0.0955
{0120 0802} = [2.3333 x 1.1908]'/*.
Thus,
[2.7785]"/% ~ 1.6669.
Therefore,
Y/L)3
EY;L;*R ~ 1.4918 x 1.6669 ~ 2.487.
P
Hence,
(Y/L)k
=~ 2.49.
Y/L)p

The model predicts that country R has about 2.49 times the steady-state output per worker of country P. Around 1.49
of this ratio is due to schooling, while around 1.67 is due to higher saving and lower capital dilution from population

growth.

Marking guide: br and bp, 2; formula, 2; education component, 2; capital-deepening component, 2; final ratio and

interpretation, 2.

Part (d)
The transition function is (1 o)k L
— + s o
k) =
G(k) -
Differentiate: ( 5) e
1—90)+ sak®™
/ k_ —
G'(k) =
At the steady state,
s(k)* ' =b
Therefore,
1-0)+ab
)\ — !/ k* — (
G'k) = =
To show convergence, note that
ke(sky™ —b
ki1 — ky = M

D
Since 0 < a <1, —1<0,s0 k! is strictly decreasing. At k*,

s(k*)*~t =b.

If k, < k*, then
k’?71 > (k*)a—17

o)
sk&™1 > b,
and therefore
kiy1 — ke > 0.
If k; > k*, then
skt < b,
o)
k/’t+1 - kt < 0.

Thus, k; converges to k*.

[8 marks]
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Conditional convergence means that, holding (s, n, g, 9, z, @) fixed, an economy below its steady state has actual invest-
ment greater than break-even investment. Therefore, its capital per effective worker rises, and output per worker grows
faster during transition. A poorer economy catches up only conditional on having the same long-run determinants.

Marking guide: derivative and A, 3; convergence proof, 3; economic interpretation, 2.

Part (e) [5 marks]

Output per worker is

Y (K
Ly

Lt) ApTOG ()
Taking logs:
In(Y;/Li) = aln(K: /L) + (1 —a)In Ay + (1 — @) In G(z4).

Taking log differences:

|AIn(Yi/L) = aAIm(Ky /L) + (1 — ) Aln A, + (1 - a)AInG(z,). |

If
G(xy) = ™,
then
In G(It) = MNTt.
Therefore,
AlnG(zy) = nAz,.
Hence,

| AIn(Yi/Ly) = aA (K, /L) + (1 — ) Aln A, + (1 - o)Az |

The last term is the direct contribution of rising schooling to output-per-worker growth.
Marking guide: log-linear decomposition, 3; schooling contribution under G(x) = €"*, 2.
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Solution to Question 2 [65 marks]

Part (a) [15 marks]

The planner chooses sequences
{Ct, K1, Hiqq, wt}ﬁo

iﬁtctl_e_l
por 1-6

to maximise

subject to
Ci+ Kip1 = K (i Hy)' ™ + (1= 6) Ky,

and
Ht+1 = B(l — gOt)Ht.

Using the resource constraint to substitute for consumption,
Ct = sz(gOth)lia + (1 - 5)Kt — Kt—‘,—l-

The Lagrangian is

> 0179 1
L= Zﬁt {7519 + A [B(1— @) Hy — Ht+1]} :
t=0

The derivative of output with respect to ¢y is

Y, Y,
L =1-a)>
Dot Pt
The first-order condition with respect to ¢, is
Y,
cr - a);t — \BH, =0.
t

Therefore,

t

1—a),
crf [(;)t} — \,BH,.

The variable H;, appears negatively in the time-¢ human-capital constraint and positively in next period’s production
and human-capital law. The derivative of Y;; with respect to H;11 is

Y1

Hia

0Yi1
= 1 —
DM, (1-a)

The first-order condition with respect to Hyyq is

_ 1—a)Y;
X+ B {Ct+91 {(H)ltﬂ} + A1 B(1 - <Pt+1)} = 0.
t+

Thus,

1—-a)Y;
A =0 {CH% [(Hi)rltﬂ] + A1 B(1 — <Pt+1)} .

The derivative of Y41 with respect to Kyyq is

Y11 a Y
0K K1

The first-order condition with respect to Ky is

Hence,

Y
Kt+1

= Be [a +(1— 5)] .

Marking guide: Lagrangian, 3; FOC for ¢, 4; FOC for H;,1, 4; FOC for K;,1, 4.
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Part (b) [13 marks]

From the FOC for ¢,
1-a)Y;
o {(O‘)t} — \,BH,.

Pt
Therefore,
N = Gf—a)Ye
e BH;
Similarly,
Crl(1—a)Yi
App1 = ———————.

wi+1BH
Substitute these expressions into the FOC for Hyq:

_ 1—-o)Y,;
A =0 {Ct+01 [(H(i)rltﬂ] + A1 B(1 - <Pt+1)} .

This gives

G- )Y, —glo? (1 - )Y 4 Ch (1 = )i
piBH; bt Hiy pi+1BH 1

B(1 - §0t+1)} .

Simplify the term in braces:

1-a)Y; 1-—
0;91( @)Yt [1+ 90t+1}

Hia Ot+1
Since ) .
1+ Pt+1 _ 7
Pt+1 Pt+1
we obtain
71 -a)Y; _ e (1— )Y
ptBH; U Hy 4
Canceling (1 — o) and rearranging:
¢’ Y He g
L= BB .
Cih Y: Hip1 o1
Because )
c (cm)
Ctjfl Cy ’
we get

(Ct+1>9 5B [Yt+1 Hy ¢ }
C; Yy Hir1 o1

From the FOC for K;,1,

_ o [ Y
c;% = peh [aKt:l +(1— 5)] :

Divide both sides by C;}:

Hence,

0
Cii1 ) Y
=0 |a +(1-=9)]|.
( Cy K1 ( )
The first Euler equation governs the return to education. The second governs the return to physical capital. Along an
optimal path, the planner equalises the utility-adjusted returns across these two accumulation margins.

Marking guide: expression for A, 3; substitution into Hy;1 FOC, 5; education Euler equation, 3; physical-capital
Euler equation, 2.
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Part (c) [10 marks]
On a balanced-growth path, suppose

C K Y, H
o e M e g
Cy K Y: H,

and
Ot = prp1 =",

Start from the education Euler equation:

(Ct+1>9:53 [Yt+1 Hy o }
Cy Y Hip10041]

! xl].
+9

Substitute the BGP restrictions:

(1+9)" =8B [(1+9)1

Therefore,
(1+9)" = BB.

Hence,

1+g=(BB)"".

So the net growth rate is

g=(BB)"? 1.

Now use the human-capital accumulation equation:
Ht+1 = B(l — QOt)Ht.

On the balanced-growth path,

Hiq
— =1 .
H, +g
Thus,
1+g=DB(1-p").
Substitute
L+g=(8B)"".

Then

(BB)? = B(1—¢").
Solving for ¢*:

B
Hence,
B
Positive endogenous growth requires
g>0
Because
9= BB -1,
positive growth requires
An interior time allocation requires
0 <" <1
Since
pr=1- (8B)0
B )
the condition ¢* < 1 requires
B 1/6
(8 B) >0,
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which holds automatically. The condition ¢* > 0 requires

B 1/6
Thus,
(BB)Y? < B.
Equivalently,

Marking guide: use of BGP in education Euler, 3; derivation of g, 2; derivation of ¢*, 3; parameter restrictions, 2.

When 6 > 1, this can be written as

Part (d) [10 marks]

The physical-capital Euler equation is

On the balanced-growth path,

Ciq1
o, - 1+g,
and
Yipn Y
Kiyn K
Thus,

From part (c),

(1+9)"=BB.
Therefore,
6B—ﬁ[ay+(16)].
K
Divide by g:
B=a—+(1-9)
Hence,
a— =B -1+5.
Therefore,
Y B-1+90
K a '
The capital-output ratio is the reciprocal:
K «
Y B-1+6

Now use the aggregate resource constraint:

Cy + K=Y+ (1 — 5)Kt

On the BGP,
Kip1=(1+g)K..
Substitute:
Co+(1+ 9K =Y+ (1-06)K;.
Rearrange:

Divide by Y;:
C K
=1 —.
Y (9595

10
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Using

we get

The condition for positive consumption is

Thus,

Equivalently,

Substituting the expression for K/Y":

5_ «
Y B-1+¢
c
o1 .
Y G+ —15
c
?>O

(g+9) 1.

a <
B—1+0

Marking guide: output-capital ratio, 4; capital-output ratio, 2; consumption-output ratio, 3; positivity condition, 1.

Part (e)

The parameters are

First consider
The gross growth rate is

Since

Hence,

The time allocation is

Thus,

The output-capital ratio is

Therefore,

The consumption-output ratio is

Thus,

So,

Now consider

1
B=096, 0=2  a=g  §=005

By = 1.05.
14 go = (BBo)*? = (0.96 x 1.05)/2.

0.96 x 1.05 = 1.008,
1+ go = V1.008 = 1.00399.

9o ~ 0.00399.

1+g0 . 1.00399

o5 =1-— =1 ~ 0.04382.

Y
K

Y

By 1.05

05 ~ 0.0438.

By—1+435 1.05—1+0.05
a N 1/3

= 0.3000.

Y = 0.3000 K—33333
=0 , v =3 .

C K
b ey
v (90+5)Y

G 1 (0.00399 + 0.05)(3.3333) ~ 0.8200.

~ 0.8200.

<lQ

B, = 1.10.

11

[7 marks]
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The gross growth rate is

Since

Hence,

The time allocation is

Thus,

The output-capital ratio is

Hence,

The consumption-output ratio is

So,

The comparison is:

¢

14 g1 = (0.96 x 1.10)'/2.

0.96 x 1.10 = 1.056,
1+ g1 = V1.056 ~ 1.02762.

g1 ~ 0.02762.

102762
1.10

o1 ~ 0.0658.

Y 1.10—1+0.05
—o= T ST 0.4500.
K 1/3

*

oF = ~ 0.06580.

Y = 0.4500 K—22222
7=V , v =2 .

v = 1= (002762 + 0.05)(2.2222) = 0.8275.

~ 0.8275.

<lQ

By =1.05 B; =1.10

g 0.00399 0.02762
p* 0.04382 0.06580
Y/K 0.3000 0.4500
K/Y  3.3333 2.2222
c/Yy 0.8200 0.8275

A higher return to education raises the endogenous growth rate because human capital accumulation becomes more
productive. It also raises the optimal fraction of time spent working, ¢*, but this does not mean less education in
growth terms: because B is higher, a given amount of education time produces more human capital growth. The
economy grows faster, has a higher output-capital ratio, and can sustain a slightly higher consumption-output ratio in

this numerical example.

Marking guide: computations for By, 3; computations for Bj, 3; interpretation, 1.
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